Stable Finiteness of Group Rings in Arbitrary Characteristic  by Ara, Pere et al.
Advances in Mathematics 170, 224–238 (2002)
doi:10.1006/aima.2002.2075
Stable Finitenessof Group Rings in Arbitrary Characteristic1
Pere Ara2
Departament de Matem "atiques, Universitat Aut "onoma de Barcelona, 08193, Bellaterra
(Barcelona), Spain
E-mail: para@mat.uab.es
Kevin C. O’Meara
Department of Mathematics, University of Canterbury, Christchurch, New Zealand
E-mail: k.omeara@math.canterbury.ac.nz
and
Francesc Perera3
Departament de Matem "atiques, Universitat Aut "onoma de Barcelona, 08193, Bellaterra
(Barcelona), Spain
E-mail: perera@mat.uab.es, perera@qub.ac.uk
Communicated by Susan Montgomery
Received May 1, 2001; accepted January 25, 2002
We show that every (discrete) group ring D½G of a free-by-amenable group G over
a division ring D of arbitrary characteristic is stably ﬁnite, in the sense that one-sided
inverses in all matrix rings over D½G are two-sided. Our methods use Sylvester rank
functions and the translation ring of an amenable group. # 2002 Elsevier Science (USA)INTRODUCTION
In the late 1960s, Kaplansky [9] showed that over a ﬁeld K of
characteristic 0; the (discrete) group algebra K½G is directly ﬁnite for all
1Ara and Perera were partially supported by DGESIC Grant PB98-0873, and by the
Comissionat per Universitats i Recerca de la Generalitat de Catalunya. The initial ideas for this
paper were discussed while the second author was visiting the Centre de Recerca Matem"atica,
Institut d’Estudis Catalans in Barcelona, and he thanks this institution for its support and
hospitality.
2To whom correspondence should be addressed.
3Current address: Department of Pure Mathematics, Queen’s University Belfast, Belfast, BT7
1NN, Northern Ireland.224
0001-8708/02 $35.00
# 2002 Elsevier Science (USA)
All rights reserved.
STABLE FINITENESS 225groups G: Alternative proofs of this were given shortly after
by Montgomery [12] and Passman [16]; see also [17, Chap. 2]. We recall
that a ring R is directly finite (resp. stably finite) if one-sided inverses in
R (resp. in all matrix rings MnðRÞ) are two-sided : xy ¼ 1) yx ¼ 1:
(Von Neumann ﬁnite and 1-ﬁnite are other synonyms for directly ﬁnite.)
Direct ﬁniteness of K ½G in characteristic p > 0 has, however, remained an
open problem. We show that over a division ring D of any characteristic,
and for any free-by-amenable group G; the group ring D½G is stably ﬁnite
(Theorem 3.4).
The key to Kaplansky’s proof in characteristic 0 is showing that every
non-trivial idempotent in the complex group algebra C½G has a real trace
(coefﬁcient of 1 2 G) strictly between 0 and 1: (One then elegantly concludes
that xy ¼ 1) trðyxÞ ¼ trðxyÞ ¼ 1) yx ¼ 1:) In turn, this fact is estab-
lished by embedding C½G in the weak closure of its action on the Hilbert
space L2ðGÞ: Montgomery’s proof uses instead the uniform closure, but
Passman’s proof takes place entirely inside C½G itself. (Note, however, that
even in characteristic 0; the above techniques do not work if K is not
commutative.) Our general characteristic proof is more geometric than
analytic. We work with D½G as a subring of the so-called translation ring
associated with the Cayley graph of a group (not necessarily the same
group G).
In its simplest form, when G is a ﬁnitely generated amenable group and D
is a division ring, our idea is to show that D½G faithfully embeds in
some stably ﬁnite factor ring of the translation ring TðG;DÞ of G over D:
The stable ﬁniteness of this factor is in turn to be deduced from the
existence of a faithful Sylvester rank function on its (ﬁnite) matrix
rings. However, this technique cannot work in the non-amenable case, as
evidenced by Elek’s result in [4, Sect. 3] that the translation ring TðG;RÞ
of a non-amenable group G over any non-zero ring R has no non-zero
directly ﬁnite factor rings (see also Section 4). To get around this
in the general case when G is an extension of a free normal subgroup H
by an amenable group G=H (which we can assume to be ﬁnitely generated),
we need to replace the coefﬁcient ring D by the group ring R ¼ D½H;
and work with the crossed product R*ðG=HÞ ðﬃ D½GÞ as a subring of the
translation ring TðG=H;RÞ of the amenable group G=H over R: The stable
ﬁniteness of D½G is then deduced from the following stronger result (again
obtained by passing to a suitable factor ring of the translation ring)
(Theorem 3.2): If R*G is a crossed product of a finitely generated amenable
group G over a ring R which admits a G-faithful Sylvester rank function, then
R*G too admits a faithful Sylvester rank function. The critical role of
amenability in all of this is that it enables one to extend Sylvester rank
functions on a ring R to Sylvester rank functions on the translation ring
TðG;RÞ:
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Let R be a (unital) ring and let ðX ; dÞ be a discrete metric space.
Following Gromov [6, p. 262] we deﬁne the translation ring TðX ;RÞ of X
over R to be the ring of all square matrices ðaðx; yÞÞ; indexed by X 	 X and
with entries from R; such that aðx; yÞ ¼ 0 whenever dðx; yÞ > l for some
constant l depending on the matrix. The least such l is called the bandwidth
of the matrix. Of particular interest is the case where d : X 2 ! Zþ and the
space ðX ; dÞ is uniformly discrete in the sense that all balls of a given ﬁnite
radius have a uniformly bounded ﬁnite size. The simplest such example is
X ¼ N with the Euclidean metric and R ¼ K is a ﬁeld. Then TðX ;KÞ is just
the algebra of all o	 o matrices over K with constant bandwidth in the
classical sense, i.e. of the form below:
(In [7, 8, 15] this algebra was called the growth algebra Gð0Þ since it was
the ﬁrst of a whole spectrum of growth algebras GðrÞ for r in the unit
interval ½0; 1:)
An important class of translation that rings over discrete metric spaces
arises from connected graphs: if G is a connected graph, we take X ¼ VðGÞ
to be the vertex set and dðx; yÞ to be the minimum of the lengths of the paths
joining x and y: In turn, the specialization of this which is central for us is to
take G ¼ GðG;SÞ; the Cayley graph of a ﬁnitely generated group G with
respect to a ﬁnite generating set S: We denote the corresponding translation
ring by TðG;RÞ: Recall that with the Cayley graph, X ¼ VðGÞ ¼ G and that
there is an edge from x to y precisely when x ¼ h1y for some h in S; so that
the corresponding metric is just the word metric and X is uniformly discrete.
In particular, the closed ball Bð1; nÞ centered on 1 with radius n is simply
fh11    h1t : t4n and h1; . . . ; ht 2 Sg:
Note that for a ﬁnitely generated group G; the translation ring TðG;RÞ
does not depend on the particular choice of the ﬁnite set of generators. The
STABLE FINITENESS 227translation ring is big enough to contain the group ring R½G; and also any
crossed product R*G; see Lemma 3.1.
Originally, the concept of an amenable group G arose in ergodic theory,
and was deﬁned in terms of the existence of an invariant mean or invariant
measure (e.g. every continuous action of G on a compact space has a G-
invariant measure). For our purposes, it is more appropriate to adopt an
equivalent deﬁnition in terms of the asymptotic behavior of boundaries of
ﬁnite symmetric subsets of G; formulated by Flner [5] in the 1950s (see also
[1, Theorem F.6.8]). (A subset S of a group G is called symmetric if S is
closed under inverses.)
Definition 1.1. A group G is called amenable if for each ﬁnite
symmetric subset S of G and positive real number E; there exists a ﬁnite
non-empty subset A of G with
j@SAj4EjAj:
Here @SA ¼ fa 2 A: SaJAg is the S-boundary of A:
Remark 1.2. This deﬁnition of amenable group is not totally symmetric,
since the set @SA is a ‘‘left boundary’’ for A: However, the symmetry of the
condition is evident since the ‘‘right boundary’’ of a subset A is given by
ð@SA1Þ1:
The class of amenable groups is closed under subgroups, factor groups,
extensions and directed unions, and contains every abelian group
(consequently, every solvable group) and every ﬁnite group. An amenable
group cannot contain a free subgroup on two generators. Although
Olshanskii in the 1970s constructed a non-amenable group which has no
such subgroup, at least it is true that every ﬁnitely generated non-amenable
group must have exponential growth (in the Gelfand–Kirillov sense). Just
recently an example of a ﬁnitely presented, non-amenable group not
containing a free subgroup of rank 2 has been constructed by Olshanskii
and Sapir [14], thereby settling a long-standing conjecture. A general
reference for amenable groups is [19].
We now describe the type of rank function that we will use throughout the
paper. Let R be a ring. Adopting the terminology of [20, p. 97], we say that a
function r which assigns a non-negative real number to each ﬁnite (but not
necessarily square) matrix a over R is a Sylvester rank function if the
following conditions hold:
(S1) rðzÞ ¼ 0; where z is any zero matrix (hereafter we denote zero
matrices by 0);
(S2) rðð1ÞÞ ¼ 1; where ð1Þ is 1	 1;
ARA, O’MEARA, AND PERERA228(S3) rðabÞ4minfrðaÞ; rðbÞg for all matrices a and b which can be
multiplied;
(S4) r a
0
0
b
  ¼ rðaÞ þ rðbÞ for all matrices a; b;
(S5) r a
b
0
c
 
5rðaÞ þ rðcÞ for all matrices a; b; c of appropriate sizes.
A Sylvester rank function r is said to be faithful if rðaÞa0 for all non-zero
matrices a: Note that rðaÞ5rðaklÞ for all k; l; by (S3) applied to the equality
akl ¼ eTk ael ; where a ¼ ðaijÞ and ei is the column matrix having 1 in the ith row
and 0 elsewhere, and so r is faithful if and only if rðaÞa0 for every
nonzero a in R (identiﬁed with a 1	 1 matrix). Note that if we have an
(injective) homomorphism j from R to a division ring D; then we obtain a
(faithful) Sylvester rank function r on R by the rule rðaÞ ¼ rankDðjðaÞÞ:
Malcolmson proved in [11] that, conversely, given a Sylvester rank function r
on R taking integer values, there exists a division ring D and an epimorphism in
the category of rings j : R ! D such that r is induced by j: (Sylvester rank
functions taking integer values are called algebraic rank functions in [11].)
Assume that R admits a Sylvester rank function r: If e and f are
equivalent idempotent matrices over R; so that e ¼ ab and f ¼ ba for some
(ﬁnite) matrices a and b over R; then by (S3) we have rðeÞ ¼ rðabÞ ¼
rðababÞ4rðbaÞ ¼ rðf Þ and by symmetry rðf Þ4rðeÞ; so that rðeÞ ¼ rðf Þ:
Moreover, if e and f are orthogonal idempotent ﬁnite matrices over R; then
rðe þ f Þ ¼ rðeÞ þ rðf Þ since the matrices eþf
0
0
0
 
and e
0
0
f
 
are conjugate. It
follows that a ring R admitting a faithful Sylvester rank function must be
stably ﬁnite. Indeed, if a and b are n 	 n matrices over R such that ab ¼ In;
where In is the n 	 n identity matrix, then by (S2), (S4) and the above
observations on idempotents, we have rðbaÞ ¼ rðabÞ ¼ rðInÞ ¼ n and so
rðIn  baÞ ¼ 0; which gives In  ba ¼ 0 because r is faithful.
Note that for any Sylvester rank function r; we have rða þ bÞ4rðaÞ þ
rðbÞ: For we always have ð1 1Þ a
0
0
b
 
1
1
  ¼ ða þ bÞ and can then apply (S3)
and (S4). It follows that, for a ﬁnite matrix a ¼ ðaijÞ over R; we have rðaÞ
4
P
i;j rðaijÞ:
In Section 2, when we come to extend Sylvester rank functions to a
translation ring, we need to have a notion of a ‘‘limit’’ that exists for all
bounded sequences of real numbers ðanÞ: The only properties we require of
this limit are that it should agree with the usual one when that exists, that
the limit of a sum be the sum of the limits, and that non-negative sequences
have non-negative limits. To achieve this, we ﬁx a free (also called non-
principal) ultraﬁlter o on N and take limo an; the limit along that ultraﬁlter.
(Recall that this limit is l if, by deﬁnition, for each e > 0; the set fn 2 N :
jl  anjoeg belongs to o:) Different choices of the ultraﬁlter can result in
different limits. A general reference for the theory of ﬁlters and convergence
is [2, Chap. I: Sect. 6].
STABLE FINITENESS 2292. TRANSLATION RINGS ASSOCIATED WITH AMENABLE
GROUPS
Let G be an amenable ﬁnitely generated group and let X be its Cayley
graph with respect to a given ﬁnite set GenðGÞ of generators of G: Let R be a
ring and let T ¼ TðX ;RÞ ¼ TðG;RÞ be the corresponding translation ring.
Assume that R has a Sylvester rank function r: We now prepare to show
(Theorem 2.3) that r can be extended to a Sylvester rank function on
TðG;RÞ: Let a be any element in T ¼ TðG;RÞ: For a ﬁnite subset ADX ; we
deﬁne the normalized rank rAðaÞ by
rAðaÞ ¼
r½eðAÞaeðAÞ
r½eðAÞ ¼
r½eðAÞaeðAÞ
jAj ;
where eðAÞ is the diagonal idempotent in T such that
eðAÞðx; xÞ ¼ 1 if x 2 A;
0 if x =2 A:
(
We observe that r½eðAÞaeðAÞ makes sense because we can view eðAÞaeðAÞ
as a ﬁnite matrix over R: Note that 04rAðaÞ41 and that rAða þ bÞ4
rAðaÞ þ rAðbÞ:
We denote by Sn the closed n-sphere in X centered at 1; that is,
Sn ¼ Bð1; nÞ ¼ fh11    h1t : t4n and h1; . . . ; ht 2 GenðGÞg: The following
result is equivalent to amenability for finitely generated groups;
see [6, 0.5.A].
Proposition 2.1. There is an increasing chain of finite subsets A1DA2D
A3D    such that
(a) X ¼ S1n¼1 An; and
(b) j@Sn Anj4
jAnj
2njSnj:
For the remainder of the paper, we ﬁx the chain A1DA2D    constructed
in Proposition 2.1. The following computations will be useful. Let us denote
eðAkÞ simply by ek and eðSkAkÞ simply by sk:
Lemma 2.2. Let R be a ring with a Sylvester rank function r: Then the
following properties hold:
(1) For all k51 we have rðsk  ekÞ42krðekÞ:
(2) If a 2 T has bandwidth at most k; then eka ¼ ekask and aek ¼ skaek:
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jSkj j@Sk Akj: Note that by construction ek4sk (as idempotents), hence we
have an orthogonal decomposition sk ¼ ðsk  ekÞ þ ek: As we have observed
in Section 1, r is additive on orthogonal sums of idempotents, whence
rðskÞ ¼ rðsk  ekÞ þ rðekÞ: This fact, coupled with the fundamental
property of the sequence fAkg (condition (b) in Proposition 2.1), yields
rðsk  ekÞ ¼ jSkAkj  jAkj4j@Sk Akj jSkj4
jAkj
2k
;
as desired.
(2) We will prove only the statement corresponding to eka:
Note that
ðekaÞðz; tÞ ¼
0 if z =2 Ak;
aðz; tÞ if z 2 Ak:
(
Since a has bandwidth at most k we have aðz; tÞ ¼ 0 if dðz; tÞ > k and so
ðekaÞðz; tÞa0 implies t 2 SkAk: We conclude that eka ¼ ekask: ]
Let X be any discrete metric space and let n 2 N: For any ring R there is
an obvious ring isomorphism
TðX ;MnðRÞÞ!ﬃ MnðTðX ;RÞÞ:
The isomorphism sends a matrix a ¼ ðaðx; yÞÞðx;yÞ2X	X ; with aðx; yÞ in
MnðRÞ, to the matrix a0 in MnðTðX ;RÞÞ such that a0ij ¼ ðaðx; yÞijÞðx;yÞ2X	X : It
will be convenient to identify MnðTðX ;RÞÞ with TðX ;MnðRÞÞ:
We now return to our earlier situation where X is the Cayley graph of a
ﬁnitely generated amenable group G and R is a ring with a Sylvester rank
function r: Let a 2 TðX ;MnðRÞÞ: For a ﬁnite subset ADX ; we deﬁne the
normalized rank rnAðaÞ by
rnAðaÞ ¼
r½enðAÞaenðAÞ
jAj ;
where enðAÞ is the diagonal idempotent in TðX ;MnðRÞÞ such that
enðAÞðx; xÞ ¼ In if x 2 A;
0 if x =2 A:
(
(The ranks are computed viewing enðAÞaenðAÞ as a ﬁnite matrix over R:)
We have 04rnAðaÞ4n and rnAða þ bÞ4rnAðaÞ þ rnAðbÞ for all a; b in
TðX ;MnðRÞÞ: Note that rnA ¼ ðrnÞA; where rn corresponds to the
STABLE FINITENESS 231(unnormalized) rank function rn induced by r on matrices over MnðRÞ: Set
rnk :¼ rnAk for all k; n (where fAkg is the sequence of sets ﬁxed according to
Proposition 2.1). We will write rk for r
1
k:
Let o be a free ultraﬁlter on N: Deﬁne ro on square matrices over
T by
roðaÞ ¼ limo r
n
kðaÞ
for a in MnðTðG;RÞÞ ¼ TðG;MnðRÞÞ: Note that the limit along the
ultraﬁlter exists because 04rnkðaÞ4n for all k: If a is a non-square matrix
over TðG;RÞ; then we deﬁne roðaÞ ¼ ro a0 00
 
; where the zero matrices are
chosen to make the matrix a
0
0
0
 
square.
Theorem 2.3. Let G be a finitely generated amenable group and let R be a
ring with a Sylvester rank function r: For any free ultrafilter o on N; the
function ro is a Sylvester rank function on TðG;RÞ extending r:
Proof. Set T ¼ TðG;RÞ: It is clear that ro extends r if we identify R with
its diagonal copy in T: Let us check properties (S1)–(S5). By the extension
property, (S1) and (S2) are obviously satisﬁed.
(S4) By completing with suitable zero matrices, we can assume that a and
b are square matrices. Assume that a 2 MnðTÞ and b 2 MmðTÞ: Setting enk ¼
enðAkÞ; we have
r enþmk
a 0
0 b
 !
enþmk
" #
¼ r e
n
kae
n
k 0
0 emk be
m
k
 !
¼ rðenkaenkÞ þ rðemk bemk Þ:
Consequently, we get
ro
a
0
0
b
  ¼ lim
o
rnþmk
a
0
0
b
 
¼ lim
o
r½enþmk a0 0b
 
enþmk 
jAkj
¼ lim
o
rðenkaenkÞ
jAkj þ limo
rðemk bemk Þ
jAkj
¼ roðaÞ þ roðbÞ:
Property (S5) is proved in a way similar to (S4).
(S3) It is here that we use the amenability of G: Since
MnðTÞ ﬃ TðG;MnðRÞÞ for all n; we can assume without loss of generality
that a; b 2 TðG;RÞ: By condition (2) in Lemma 2.2, we have
ARA, O’MEARA, AND PERERA232ekabek ¼ ekaskbek ¼ ekaekbek þ ekaðsk  ekÞbek for all large k: Therefore,
rðekabekÞ4r½ðekaekÞðekbekÞ þ rðsk  ekÞ4rðekaekÞ þ jAkj
2k
;
where the last inequality follows from condition (1) in Lemma 2.2. We
conclude that
rkðabÞ4rkðaÞ þ 2k;
and so
roðabÞ ¼ limo rkðabÞ4 limo rkðaÞ þ limo 2
k ¼ roðaÞ:
Similarly, roðabÞ4roðbÞ: ]
3. CROSSED PRODUCTS AND GROUP ALGEBRAS
In this section, we will apply the results of Section 2 to obtain stable
ﬁniteness of group algebras of free-by-amenable groups. For this we need to
consider crossed products. We will use the notation in [18]. We recall that a
crossed product R*G of a group G over a ring R is an associative ring that
contains R and has as an R-basis the set %G; a copy of G: Thus, every element
of R*G is uniquely a ﬁnite sum
P
x2G %xrx with rx in R: The product in R*G
is determined by the rules
%x %y ¼ xytðx; yÞ
for some map t of G 	 G into the group of units of R; and
r %x ¼ %xrsðxÞ;
where s : G ! AutðRÞ: By [18, Lemma 1.3], if R*G is a crossed product and
N is a normal subgroup of G then R*G ¼ ðR*NÞ*ðG=NÞ; where the latter
is some crossed product of the group G=N over the ring R*N:
Lemma 3.1. Let R*G be a crossed product of a finitely generated group G
over a ring R: Then the regular representation y embeds the crossed product
R*G in the translation ring TðG;RÞ:
Proof. Recall that the crossed product R*G is a free right R-module
with basis f %x : x 2 Gg: Consider the regular matrix representation y of R*G
(under left multiplication) relative to the basis X ¼ %G: For r in R we have
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G (with the h’s from the ﬁxed generating set GenðGÞ). For any y in G; the
yth column of yð %gÞ has a single non-zero entry (tðg; yÞ) at position ðx; yÞ for
x ¼ gy: Since dðx; yÞ4t; this shows that yð %gÞ 2 TðG;RÞ with bandwidth at
most t: Since yðR*GÞ is generated by yðRÞ and yð %GÞ; the result follows. ]
Given a crossed product R*G; we say that a Sylvester rank function r on
R is G-faithful if
inffrðrsðxÞÞ : x 2 Gg > 0
for all non-zero r in R: In particular, note that this condition is fulﬁlled by
any faithful Sylvester rank function r which is also G-invariant, in the sense
that rðasðxÞÞ ¼ rðaÞ for all ﬁnite matrices a over R and for all x in G:
Theorem 3.2. Let R*G be a crossed product of a finitely generated
amenable group G over a ring R: Assume that R admits a G-faithful Sylvester
rank function r: Then R*G admits a faithful Sylvester rank function. In
particular, R*G is stably finite.
Proof. As we have already observed in Section 1, any ring having a
faithful Sylvester rank function is stably ﬁnite, so the second assertion will
follow from the ﬁrst.
By Lemma 3.1, the regular representation y embeds R*G in the
translation ring T ¼ TðG;RÞ of the Cayley graph X of G: Fix a free
ultraﬁlter o on N and deﬁne the Sylvester rank function ro on T as in
Section 2. Let Io be the set of elements a in T such that roðaÞ ¼ 0: Clearly,
Io is an ideal of T: For a ¼ ðaijÞ 2 MnðTÞ; we observed in Section 1 that
rðaklÞ4rðaÞ4
P
i;j rðaijÞ for all k; l: It follows that roðaÞ ¼ 0 if and only if
a 2 MnðIoÞ: Deﬁne a Sylvester rank function %ro on T=Io by
%roð %aÞ ¼ roðaÞ
for all ﬁnite matrices %a over T=Io; where a is a lift of %a: Clearly, %ro is a
faithful Sylvester rank function.
It is enough to check that yðR*GÞ \ Io ¼ 0; for then R*G will embed in
T=Io and will therefore admit a faithful Sylvester rank function.
Let 0a
Pm
i¼1 %giri 2 R*G: We can write
gi ¼ h1i1    h1itðiÞ ;
where hi1 ; . . . ; hitðiÞ 2 GenðGÞ: Since r is G-faithful, there exist ci > 0 such
that rðrsðxÞi Þ5ci for all x in G: Set c ¼ maxfci : i ¼ 1; . . . ;mg:
ARA, O’MEARA, AND PERERA234Let k > maxftðiÞ : i ¼ 1; . . . ;mg: Let A0k ¼ Ak =@Sk Ak and note that SkA0k
DAk: In particular, gix 2 Ak for all i ¼ 1; . . . ;m and all x in A0k: By using
Proposition 2.1, we compute that
jA0kj ¼ jAkj  j@Sk Akj5jAkj 
jAkj
2kjSkj:
Choose a subset A00k of A
0
k with jA00kj5jA0kj=m2 and with the ‘‘separating’’
property fgix j 14i4mg \ fgiy j 14i4mg ¼ | for all distinct x; y in A00k:
For example, choose A00k maximal with respect to this separating property.
(Note that if B has the separating property but m2jBjojA0kj; then there is
some y in A0k not of the form g
1
j gix; with x in B; and then B [ fyg also has
the separating property.) Put e00k ¼ eðA00kÞ; and note that e00k ¼ e00kek ¼ eke00k:
Therefore, we have
r eky
Xm
i¼1
%giri
 !
ek
 !
5r eky
Xm
i¼1
%giri
 !
e00k
 !
:
For xa in A
00
k; the action of yð
Pm
i¼1 %giriÞ on the basis element %xa (in the
regular representation) is
y
Xm
i¼1
%giri
 !
ð %xaÞ ¼
Xm
i¼1
gixatðgi; xaÞrsðxaÞi :
We infer from this computation, the fact that A00kDA
0
k; and the separating
property of the family A00k; that the matrix ekyð
Pm
i¼1 %giriÞe00k consists of
blocks of m 	 1 column matrices CðxaÞ ¼ ðtðgi; xaÞrsðxaÞi ÞT for xa ranging
over A00k; with the blocks positioned over disjoint rows for different xa:
By (S3) we have rðCðxaÞÞ5maxfrðtðgi; xaÞrsðxaÞi Þ : i ¼ 1; . . . ;mg5c; where
the last inequality follows from the facts that tðgi; xaÞ is a unit of R and
maxfrðrsðxaÞi Þ : i ¼ 1; . . . ;mg5maxfci : i ¼ 1; . . . ;mg ¼ c:
Using the observations above, we get
r eky
Xm
i¼1
%giri
 !
ek
 !
5r eky
Xm
i¼1
%giri
 !
e00k
 !
¼ r 
xa2A00k
CðxaÞ
 !
¼
X
xa2A00k
rðCðxaÞÞ ðby ðS4ÞÞ
5 cjA00kj5
cjA0kj
m2
5
cjAkj
m2
 cjAkj
2kjSkjm2:
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rk y
Xm
i¼1
%giri
 ! !
5
c
m2
 c
2kjSkjm2:
Taking limits along the ultraﬁlter o; we get
ro y
Xm
i¼1
%giri
 ! !
¼ lim
o
rk y
Xm
i¼1
%giri
 ! !
5 lim
o
c
m2
 c
2kjSkjm2
 
¼ c
m2
a0:
It follows that
y
Xm
i¼1
%giri
 !
=2 Io: ]
Remark 3.3. Observe that the Sylvester rank function ro in the proof of
Theorem 3.2 induces a G-invariant Sylvester rank function r0o on R via
r0oðaÞ ¼ roðyðaÞÞ for all ﬁnite matrices a over R: This new function will
agree with the original r only in case r itself is G-invariant.
We can now establish our principal theorem.
Theorem 3.4. Let D be any division ring and let G be a group having a
free normal subgroup H such that G=H is amenable. Then, for each finitely
generated subgroup S of G; the group ring D½S admits a faithful Sylvester
rank function. In particular, D½G is stably finite.
Proof. Note that a subgroup of a free-by-amenable group is also free-
by-amenable. Hence, we only have to prove the result for ﬁnitely generated
free-by-amenable groups, since D½G is stably ﬁnite if this is true of each
subring D½S; with S a ﬁnitely generated subgroup.
We have D½G ¼ D½H*ðG=HÞ: It is well known that D½H is a fir (see [3,
Theorem 5.3.9]), and so it can be embedded in a division ring. Fix an
embedding of D½H into a division ring L and consider the faithful Sylvester
rank function rL on matrices over D½H given by rLðaÞ ¼ rankLðaÞ: Since
rLðrÞ ¼ 1 for all non-zero elements r in D½H we trivially have that rL is
G-faithful. The result now follows from Theorem 3.2. ]
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crossed product R*G of an amenable group G over a domain R which can
be embedded in a division ring is stably ﬁnite. If one is only interested in the
stable ﬁniteness of R*G; there is a somewhat shorter proof which does not
use ultraﬁlters. We sketch this proof for the convenience of the reader. Since
R can be embedded in a division ring L we get a faithful Sylvester rank
function on R by setting rðaÞ ¼ rankLðaÞ for every ﬁnite matrix a over R:
Set I ¼ fx 2 T : limk!1 rkðxÞ ¼ 0g: By the arguments in the proof of
Theorem 3.2, yðR*GÞ \ I ¼ 0: Suppose that a and b are n 	 n matrices over
R*G such that ab ¼ In: By using Lemma 2.2 one can see that all the entries
of In  ba belong to I and so In  ba ¼ 0: (Incidentally, I is an ideal of
TðG;RÞ; in fact I ¼ To Io:)
(ii) The previous observation shows that a more general result is available,
namely in the setting that G is a group having a normal subgroup H such
that G=H is amenable and such that, for the division ring D; the group ring
D½H is embeddable in a division ring. This last property is known to be
satisﬁed by other classes of groups properly containing the class of free
groups. For example, all group rings over division rings of torsion-free one-
relator groups can be embedded in division rings, as shown in [10, Theorem
3]. (Evidently, this class contains the class of free groups.) As the result of
Mal’cev and Neumann shows (see, e.g. [17, Chap. 13, Theorem 2.11]), every
group algebra over a ﬁeld K of an ordered group can be embedded in a
K-division algebra. (The class of ordered groups also extends that of free
groups; see [17, Chap. 13, Corollary 2.8].)
(iii) It was observed in [13, p. 597] that for a given ring R; the class of
groups G such that R½G is stably ﬁnite is residually closed, in the sense that
if we have a family fHag of normal subgroups of G closed under ﬁnite
intersections, with
T
a Ha ¼ 1; and with all rings R½G=Ha stably ﬁnite, then
R½G is also stably ﬁnite. Combining this fact with Theorem 3.4 we obtain
that D½G is stably ﬁnite for every division ring D and every residually
amenable group G:
4. THE TRANSLATION RING OF A FREE GROUP
For non-amenable groups G; our techniques have required us to consider
the translation ring, not over G itself, but over a factor group of G (and over
a bigger coefﬁcient ring). The reason for this is that Elek’s proofs in [4, Sect.
3] show that the translation ring associated with any ﬁnitely generated non-
amenable group (and over an arbitrary non-zero ring) has no non-zero
directly ﬁnite factors. In this short section, we present a quick and easy
demonstration of this fact when G is any ﬁnitely generated group containing
a free group of rank 2 (i.e., in the quintessential case).
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subgroup. For any ring R; the translation ring TðH;RÞ is
naturally contained in TðG;RÞ as follows. First take a system of generators
GenðGÞ containing GenðHÞ: Let T be a right transversal of H in G; so
that G ¼ Sxa2T Hxa: For a in TðH;RÞ deﬁne jðaÞ in TðG;RÞ as the linear
map
jðaÞðhxaÞ ¼ aðhÞxa;
or in terms of matrices jðaÞðhxa; kxbÞ ¼ da;baðh; kÞ for all h; k in H: It is easy
to check that j provides an isomorphism from TðH;RÞ onto a subring of
TðG;RÞ:
Proposition 4.1. Let G be a finitely generated group containing a free
subgroup of rank 2 and let R be any non-zero ring. Then TðG;RÞ has no non-
zero directly finite factor rings.
Proof. Let H be a free subgroup of rank 2 of G: Since TðH;RÞ is
embedded in TðG;RÞ it sufﬁces to prove that there are orthogonal
idempotents e1 and e2 in TðH;RÞ such that each ei is equivalent to 1: Let
x; y be free generators of H: We will use the reduced expressions of words w
in H with respect to x; y: Deﬁne R-linear maps a; b; c; d on R½H by
specifying the following rules for their actions on H:
aðwÞ ¼ xw if w does not start with x
1;
yw if w starts with x1;
(
bðwÞ ¼
x1w if w starts with x;
y1w if w starts with yx1;
0 otherwise;
8><
>:
cðwÞ ¼ x
1w if w does not start with x;
y1w if w starts with x;
(
dðwÞ ¼
xw if w starts with x1;
yw if w starts with y1x;
0 otherwise:
8><
>:
Clearly a; b; c; d 2 TðH;RÞ if we identify TðH;RÞ with the corresponding
subring of R-linear maps on R½H; using H as a basis. Moreover, 1 ¼ ba ¼
dc; and ab and cd are orthogonal idempotents, as desired. ]
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